we numerically computed the dependence of the porosity of cancellous bone encased in cortical bone and muscle on the measured ultrasonic wave. The computation shows the bone porosity can be recovered very accurately. The numerical data show that the ultrasonic wave of higher frequency would produce a more accurate bone porosity.
Introduction
Cancellous bone consists of a trabeculae matrix with an interstitial blood-marrow fluid. Osteoporosis is characterized by a decrease in strength of this bone matrix. Currently, bone mineral density BMD is the gold standard for in vivo assessment of fracture risk of bones and is measured using x-ray adsorptiometric techniques [1] . However, only 70-80% of the variance of bone strength is accounted for by bone density [2] . As the brittleness of bone depends on more factors than bone density, biologists believe that quantitative ultrasound techniques QUT can provide an important new diagnostic tool. Moreover, in contrast to x-ray densiometry, ultrasound does not ionize the mineralized tissue, and its implementation is relatively inexpensive. It would be of enormous clinical advantage if an accurate method could be developed using ultrasound interrogation to determine whether one had osteoporosis. The intention of this research is to eventually produce an accurate clinical procedure for determining the bone density and other bone parameters describing bone brittleness. Since the loss of bone density and the destruction of the bone microstructure is most evident in cancellous bone, it is natural to consider the possibility of developing accurate ultrasound models for the isonification of cancellous bone. In this paper, we consider the possibility of determining the bone density of cancellous bone in vivo by using a simple one-dimensional model of a muscle-cortical bone-cancellous bone sample. If it is possible to accurately determine whether an in vivo sample is osteoporotic, research in this direction merits further investigation. Moreover, if a higher dimensional model also leads to an accurate prediction of bone density, this would warrant laboratory testing in vivo on biological samples. More specifically, we determine whether a sonified bone sample is osteoporotic by measuring its refracted acoustic, i.e. the acoustic field is measured when the sample is exposed to impulses from a transducer. From this data the bone parameters can be determined. Such a procedure is referred to as solving an inverse problem. We have made several initial investigations of this type using the Biot model of a porous media to represent the cancellous bone [3] [4] [5] [6] [7] . Using computer simulations, we have shown that the in vitro model determines very well the bone density within an accuracy of 1%; however, other bone parameters such as pore size, shear modulus and bulk modulus are accurate only to within 20% and these bone parameters have a significant effect on bone rigidity. The in vivo problem is much more complicated and it may require more sophisticated models than Biot's to determine pore size, shear and bulk modului under these circumstances. The investigation of models different from Biot's is the topic of separate research.
Biot developed a general theory for the ultrasonic propagation in fluid-saturated porous media [8] [9] [10] . McKelvie and Palmer [11] , Williams [12] , and Hosokawa and Otani [13] discussed the application of Biot's model for a poroelastic medium to cancellous bones. Recently, Buchanan, Gilbert, Wirgin and Xu [14] proposed a model for the determination of the parameters of cancellous bone using ultrasonic measurements. Following their model, we consider a piece of cancellous bone encased in muscle, see Fig. 1 . The ultrasonic wave is produced from the transmitter at one side of the specimen and received by a hydrophone at the other side. We assume that the Biot model may be used to describe both the corrical and cancellous bone, albeit with different porosities. The muscle is modeled as an elastic material. We use the reflection and transmission of ultrasonic waves in cancellous bone and use the information to determine the bone porosity. The numerical computation, based on known parameters, shows some encouraging results.
The Biot model
We consider a one-dimensional dynamic model in this paper. In the cortical bone (0 < x < δ), and (L − δ < x < L) cf. 
whereas in the cancellous bone (L − δ < x < L), the ultrasonic wave satisfies:
Here, the superscripts ''h'' and ''s'' refer to the hard (cortical) bone and the soft (cancellous) bone, respectively. The motion of the frame and fluid within the bone are tracked by position vectors u a and U a (a = s, h) respectively (Ref. [8] [9] [10] ). On the interface (x 0 = δ or x 0 = L − δ), the displacement is continuous, and the normal stress and the pore stress in the cortical bone is equal to the normal stress and the pore stress in the cancellous bone. Therefore, the displacements, pressure and stresses satisfy: 
Complex frame bulk modulus Here
+ , and x
, and = ∂U ∂x . There are eight equations in (2.3) totally. The muscle is considered as an elastic medium. In the muscle, the elastic displacement u m (x) satisfies the equation of motion
where λ m , µ m are Lamé constants and ρ m is the density for the muscle. We assume that measures have been taken so that the reflection from receiver and transmitter back to the muscle can be ignored. Therefore, we can assume that Eq. (2.4) is satisfied in {x : x < 0 or x > L}. Taking the Fourier transform of (2.4) we obtain
There are seven parameters to be determined in the one-dimensional Biot model. Naturally, in a one-dimensional model, the complex frame shear modulus µ is not included. The other parameters λ, R and Q occurring in the constitutive equations are calculated from the measured or estimated values of the parameters given in Table 1 (see References [5, 6] ). The cancellous bone is assumed to be a spongy form where the trabeculae consist of cortical bone. For both the cortical and cancellous bone portions, the other parameters are computed according to the formulas for a = h or a = s:
where is a dissipation parameter which depends on the wave frequency, ω.
where
and the multiplicative factor F (ζ ), which was introduced by Biot to correct for the invalidity of the assumption of Poiseuille flow at high frequencies, is given by
where T is defined in terms of Kelvin functions
Transient reflection and transmission of waves
LetÛ a 0 ,ê a , andˆ a be the Fourier transforms of U 0 , e, and , respectively, for the ω. Correspondingly, in the cortical bone (0 < x < δ) and (L − δ < x < L), the transformed equations from (2.1) become
Whereas in the cancellous bone (2.2) become
On the interface, (x 0 = δ or x 0 = L − δ), from (2.3), we have the transformed transmission conditions now aŝ
Here, again, x
− , respectively. We assume that the incident wave is sent in from the left. As mentioned earlier, we assume that measures have been taken so that reflection from transmitter and receiver back to the muscle can be ignored. The incident one-dimensional elastic wave is given bŷ On the interface between bone and muscle (x 0 = 0 or x 0 = L), continuity is required for both skeletal and fluid horizontal displacement, aggregate normal stress. On x = 0, in view of (3.4) and (3.5), we have
(3.8) (3.7) and (3.8) are equivalent to: 
Here a = h represents hard (cortical) bone and a = s represents soft (cancellous) bone. For a = s, the system (3.11) is for δ < x < L − δ. For For a = h, the system (3.11) may be for 0 < x < δ or for L − δ < x < L. Therefore, the system (3.11)
consists of twelve equations in total.
The homogeneous systems (3.11) can be easily found to have solutions of the following form: For 0 < x < δ,
Here Now we discuss the determination of the constant vector
T by the boundary conditions and the interface coupling. Let
19) In matrix notations, the condition on x = 0 is
The condition on x = δ is
The condition on x = L − δ is
The condition on x = L is
Collecting (3.24)-(3.27) we obtain a 14 × 14 matrix equation
where 
Numerical tests
In the paper [3] , it is shown that, from the measured data by the receivers (see Fig. 1 ), the porosities of the cortical and cancellous bones are uniquely determined locally. In this section, we will compute the dependence of the porosity β a , where a = 1, 2 on the measured transmitted wave C m 2 at the receivers. This is done by computing the solution (3.28) forwardly. Theoretically, the linear system (3.28) has a unique solution. But computationally, its condition number is about 10 13 for practical data. To produce accurate solutions, we recondition the matrix M and rewrite the problem as where P −1 is the preconditioner of the matrix M. We need P be a matrix which is similar to M and P −1 M has a smaller condition number than that of M. In our computation, we choose P to be a diagonal matrix with P(i, i) = M(i, i) in (3.28). Here i = 1, 2, . . . , 14. In the numerical computation, in addition to the constants listed in Tables 1 and 2 , we also used the following data, A = 1, L = 0.05, δ = 0.01. We experimented with different waves ω. In Fig. 2 
